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Abstract 
The paper presents one of the methods to determine heat spread patterns in objects. Mathematical model of the process is a 
differential equation of the second order with initial and boundary conditions, which can be solved by only one function U(x, y, 
z, t). In this paper the problem of unsteady-state and non-uniform heat conduction transfer for 2 dimensions, with imposed initial 
and boundary conditions of the first, second and third kind, is solving using discrete-analytical method. The main idea of this 
method is to combine discrete and analytical method. In this case, initial problem is divided to 2 stages: in the first stage a 
discrete technique along ones directions will be applied; in the second stage an analytical method along other directions will be 
applied. The result will be a discrete set of analytical functions. For “discrete stage” is used a well-known method of finite 
differences, and for analytical stage is applied the virtue of the matrix exponent. In the general case, the problem can be 
submitted in operator form with non-orthogonal quadrangular mesh which is topologically equivalent to square mesh. 
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Nomenclature 
c specific heat capacity of environment  
ȡ density 
Ȝ thermal conductivity coefficient 
Ȥ coefficient of thermal diffusivity 
Į coefficient of heat transfer 
w ambient temperature 
F power of any possible heat sources 
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1. Introduction 
The paper presents unsteady and non-uniform heat conduction transfer problem statement and algorithm of its 
solving by discrete-analytical method. Mathematical definition of the problem is a differential equation, based on 
term of heat flow. Heat transfer equation postulates the fact of thermal balance of the internal energy of the object of 
Fourier: 
in tpdE Q Q   or 
2 2 2
2 2 2
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t x y z
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§ ·w w w w   ¨ ¸w w w w© ¹
  (1) 
Let us consider the discrete-analytical solution of this equation, which combines numerical solutions along 
directions x, y, z and analytical solution along time direction t. Characters c, ȡ, Ȝ and F in a general case are 
functions of arguments x, y, z, t and also depend on the current temperature value U. 
2. Problem statement 
In this paper is considered an algorithm for solving unsteady, non-uniform, two-dimensional heat conduction 
transfer problem: 
   , , ( , , )U U Ux y x y F x y t
t x x y y
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  (2) 
where Ȥx, Ȥy   - coefficients of thermal diffusivity (Ȥ=Ȝ»cȡ), corresponding to varying properties of object along x, y, 
respectively; 
 
For the unsteady heat conduction equation must be set the initial condition and boundary conditions of 1, 2 or 3 
kind. The first kind means that the distribution of the temperature is set on boundaries of the area as values of 
function g. The second kind determines the heat flux density at the boundaries of the area. The third kind 
corresponds to the case when the ambient temperature w is set and a law of heat transfer between the surface of the 
body and the environment is set as the Newton-Richman’s law. 
4. Discrete-analytical method 
3.1. Approximation 
First of all, we should approximate the area with finite difference method along directions x, y, but for variable of 
time - t we will leave analytic relation. We define the space-time area in the form of the 3-coordinate planes, where 
along the X and Y axes is a space (x, y), and along the T-axis is time (t).  
First of all, let us consider approximation of the rectangular area. We divide the area with rectangular mesh using 
increments on the X and Y axes (see Figure 1).  
Mesh nodes: 
x j=0,1,… ,N1, N1+1 – coordinates of mesh nodes along ɏ, number of nodes is N1+2, at that x0=0 and 
xN1+1=l – boundary nodes (where we set boundary conditions); 
x i=0,1,… ,N2, N2+1 – coordinates of mesh nodes along Y, number of nodes is N2+2, at that y0=0 and 
yN2+1=m – boundary nodes (where we set boundary conditions); 
Along the T axis we leave analytical dependence of temperature on time. 
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Fig. 1. Finite-difference mesh of the source area. 
We do finite-difference approximation of the Laplace operator in the spatial coordinates x, y, considering the 
non-uniformity of the material. In this case, the coefficients of thermal diffusivity will be taken as their half-sums 
for the adjacent cells in the respective directions: 
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3.2. Basic variations method 
To form the matrix of the coefficients of the variables we use the method of basic variations [2]. We write the 
Laplace operator in the form of a linear operator on the function U: 
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                                                                                                      (4) 
Discrete form of this operator can be written in terms of a finite-difference representation, written above. 
Basic variations method allows by acting discrete linear operator not on the unknown function U, but on the basis 
function (in this, discrete case - acting on the basis vectors), to write the formula for automatic finding of all the 
matrix coefficients depending on the indices. 
  kkm mA a Le     (5) 
where em(k) = į(k,m),  k,m=1,2,…;   į(k,m) =1 (when m=k) or =0 (when mk) - Kronecker delta symbol. 
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3.3. Normal system of differential equations 
Let us return to the original differential equation (2), replacing its right-hand side with approximating functions, 
founded in the previous step. As a result it will be a normal system of differential equations.  
U AU F
t
w  
w
   (6) 
Known solution of such a system [3], according to the theory of ordinary differential equations is a vector: 
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Matrix exponent eAt, according to the theory of matrix functions for symmetric matrices can be determine in the 
form of the Jordan decomposition as: 
1 21,   , ,.. }{ ., ntt tAt S Se Te T e diag e e eOO O    (8) 
where T - a matrix of eigenvectors, Ȝ1…Ȝn – eigen values  
5. Operator formulation of the problem with the characteristic functions of area 
An important advantage of the operator statement – it enables writing the common formulas, describing of both 
relations within the area and boundary conditions. That is the union of the differential equation and boundary 
conditions in one equation with the relevant weight characteristics. Let us write a normal form of the second 
boundary unsteady heat transfer problem: 
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Now we write relevant characteristic functions of area. Those are the characteristic functions of area of 
coordinates and Heaviside function of time 
        
 
 
1,  , , 1,  , 1,  0
, ,  or  , ; ;
0,  , , 0,  , 0,  0xy t xy t
x y t x y t
x y t x y t
x y t x y t
T T T T T T
­ : ­ : !­° °    ® ® ®: :  ° ° ¯¯ ¯
                                    (10) 
Then, problem can be described as a single operator expression: 
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where  aij  - coefficients of thermal conductivity. 
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6. Non-orthogonal mesh of initial area 
Let us take the considered area and divide it into finite quadrangular elements (see Figure 2 - left). Then 
approximate it to the rectangular area with the unit cells (cells with unit sizes) by a non-degenerate deformation of 
its elements (see Figure 2 - left). This can be done by passing from global coordinates of nodes of the original mesh 
in the chosen coordinate system to local coordinates (see Figure 2 - right). 
 
 
Fig. 2. Approximation of the source area to topologically equivalent square mesh (left), transition from global coordinates to local (right). 
 
Coordinate transformation can be performed using the following algorithm [1]:  
Let (x1,x2) be the original coordinate system. We introduce a new coordinate system, acting locally within each 
element. And also let us write operators of simple difference: 
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Then we can write the coordinates of the middle node within the element, made up by a linear shape function on 
the angular nodes. 
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After the change of variables, difference operators will be carried out according to the formulas for 
differentiating a composite function. 
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where Į – Jacobi matrix, which can be found as Į=ȕ-1  and final Jacobean of system will be J: 
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Then, the total operator statement for non-orthogonal mesh will be: 
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7. Example 
In the shown example is given a numerically simulated picture of the heat distribution in a non-uniform two-
dimensional plate consisting of several materials (see Figure 3, left). On two edges temperature was maintained at 
100 °C on two other 50 °C. At the initial time the temperature across the plate is zero. The result is shown in the 
following time points: 10, 100, 1000, 100 000 sec. (see Figure 3 (right) – Figure 4 (left)). Figure 4, right also shows 
the calculated steady-state problem for the same area. 
 
 
Fig. 3. Square mesh partition (left); Temperature at t=10 s, t=100 s (right). 
 
Fig. 4. Temperature at t=1000 s, t=1000 s (left), solving steady-state problem (right). 
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